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The generalized model accounts for the effects of channeling, transfer lag, mixing, and
mass transfer that occur on each plate of a column in the process of separating a multi-
component mixture at unsteady state operation. The equations required to describe the model
were tested by solving a wide variety of numerical examples. Selected numerical results are
presented to demonstrate certain characteristics and uses of the generalized model.

Presented herein is the formulation of a more general
model for the unsteady state operation of a distillation
column than has been available previously. Suitable nu-
merical methods for solving the equations required to de-
scribe the model are also presented. The reliability of the
proposed numerical methods was established by solving
a wide variety of problems (18). To demonstrate some of
the characteristics of the model as well as possible uses,
such as the analysis of various control schemes, selected
numerical results are presented in a subsequent section.

In general, the models proposed for distillation columns
in unsteady state operation may be divided into two
groups: one group consists of those models used to obtain
analytical and analog computer solutions; and the other
group consists of those models used to obtain numerical
solutions by use of digital computers. Analytical and ana-
log models generally require many simplifying assump-
tions, such as linear equilibrium relationships, the lump-
ing together of plates, and the treatment of multicompo-
nent mixtures as binary mixtures. In the past these models
have proved to be useful for the broad understaniding of
the operation of distillation columns (6) and are presently
being used successfully as a basis for column control (9).
Models of the second group used to obtain numerical
solutions on digital computers need not contain many of
the simplifying assumptions generally used for the simpler
analytical and analog models. Models of the second group,
which give an accurate description of column operation,
have been proposed by Rosenbrock (15), who cited
reasons for their superiority over the approximate models
of the first group. Peiser et al. (13) proposed a model of
the second group and used it in the solution of a plant
problem involving the flooding of a section of a distilla-
tion column. As pointed out by Peiser et al., no informa-
tion gertainin to a problem of this type could be ob-
tained from the usual steady state model or a simplified
unsteady state model that did not contain fluid dynamic
relationships. Moczek et al. (12) used a variation of the
model proposed by Rosenbrock to test simpler models of
the first group.

Previous models have neglected the combination of
mixing effects on the plates and in the downcomers, and
in most models the mixing effects in the holdups of the
reflux drum and transfer lines have been neglected also.
The present model includes the effect of mixing in all of
these holdups. Liquid passing through a column exhibits
some degree of mixing in the direction of bulk flow. The
mixing effects of a liquid in bulk flow, without dead vol-
ume, on a plate and its downcomer are bounded by those
for the three limiting cases: perfect mixing, plug flow, and
channeling. The third limiting case was introduced to ac-
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count for bypass flow such as the weeping of liquid
through plates. Over a given period of time, the mixing
effects of a binary liquid mixture (under the flow condi-
tions enumerated) may be accounted for by use of a linear
combination of the three modes. Thus, it was elected to
approximate the mixing effects of a multicomponent liquid
mixture on a plate and its downcomer, which was not in
contact with vapor, in the same manner as shown in Fig-
ure 1. To describe the mass transfer that occurs on each
plate, the mass transfer section is employed. In this sec-
tion, mass is transferred according to the relationship:

yii = EuKyxy (1)

The mass transfer section has the capacity for effecting
the same amount of mass transfer as that observed on the

i
¥ (FROM MASS TRANSFER
: : HOLDUP: U,))
A -1 4oy Y Moot Aty [ -t -1,
! PLUG FLOW ;f:EFRECT
HOLDUP:UDJ_I HOLDUP: UM.]-!
A1, To-ui T2m,i-1,1
Yi
PLATE NO. j
MASS TRANSFER
Y= By KXy
HOLDUP! U
£
h
Vit
4y Y Moj 2y 1 Mt
‘ PLUG FLOW ;’,E:;ECT
y
HOLDUP: Uy, HOLDUP: U,
Aegdy Yo,)1 YAm, 1

‘V
TO MASS TRANSFER HOLDUP. U

-

141
Fig. 1. Model for a typical plate j.
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actual plate. More precisely, it is supposed that the mean
mole fraction (x5),, of each component i in the holdup of
this section is equal to the mole fraction x; of component
i in the liquid leaving plate § at any instant. Furthermore,
the mole fraction of component i in the vapor leaving the
mass transfer section is equal to its mean value in the
vapor entering plate § — 1; that is, Viy; = vy, the vapor
flow rate at which component i enters plate j — 1. Thus,
if the liquid in contact with vapor on the actual plate
were pertectly mixed, the vapors above plate i were like-
wise perfectly mixed, and the vapor path through the lig-
uid were of infinite extent, then Equation (1) reduces to
the well-known equilibrium relationship y; = Kjxj or
E; = 1. Thus, the vaporization efficiency (8) accounts
for both mixing and rate effects and may be regarded as
the fractional deviation of the mass transfer section from
an equilibrium section.

Thus, by the proposed model shown in Figure 1, the
liquid stream passes alternately through weighted mixers
and mass transfer sections. More precisely, as shown in
Figure 1, the total holdup associated with each plate j is
divided into three parts, denoted by Up;, Uy, and U
The holdup Up; represents that part of plate § that con-
tains liquid which is in plug flow but not in contact with
a vapor stream. The liquid entering the holdup Uy; is
perfectly mixed with the contents of Upy; without contact-
ing a vapor stream. In the holdup Uj, mass transfer oc-
curs between the vapor Vj,., entering plate j and the lig-
uid in the holdup U; The positive multipliers Mg ;—1,
Ap,j—1, MAu,j—1, whose sum is unity, are the fractions of the
stream L;_; that proceed to plate j by channeling, plug
flow, and by passing through the perfect mixer, respec-
tively. Note that when A¢; = 1 for all §, the present model
reduces to one similar to those used by Waggoner et al.
(20) and Peiser et al. (13).

The holdups in mass (or volumetric) units correspond-
ing to the molal holdups Up;, Uyy, and U; are denoted
by Mpj, Mumjs and 9, respectively. A new set of holdups
was computed at the end of each trial of each time period
by use of fluid dynamic relationships. The relationships
between the inputs and outputs to the respective holdups
Mp; and My; are needed in the subsequent statements of
material and enthalpy balances.

RELATIONSHIPS BETWEEN THE INPUTS AND
OUTPUTS TO THE PLUG FLOW AND
PERFECT MIXER HOLDUPS

Throughout these developments, it is supposed that the
liquid mixtures are ideal solutions in the sense that the
volume of the mixture is equal to the sum of the volumes
of the individual components. Then, at any time t the
average molecular weight (or average molal volume) of
the liquid leaving the mass transfer holdup U; has the
form

[+
M; = 2 M (2)

i=1

where M; denotes the molecular weight of component i or
molal volume (at the conditions of the liquid leaving the
holdup Uj). Since the total mass (or volumetric) flow
rate at any time ¢ is given by the product L;M;, the mass
{or volumetric) flow rates for channeling, plug flow, and

perfect mixing are given by Ac;L;iMj, Ap;LiM;, and Ay LiM;,

respectively. The total molal holdup of the mass transfer
section at the end of each trial for a given time is then
computed in the usual way, U; = §;/M;. Similarly, for
a perfect mixer j, the total molal holdup is computed by
use of the relationship Uy; = mj/Muy; The residence
time or contact time of the liquid in the perfect mixer is
computed in an obvious manner; namely fy; = Unj/Laj.
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An expression relating the inlet mass (or volumetric)
flow rate Ay;L;M; to the outlet mass (or volumetric) flow
rate LyMy; is obtained by use of the following material
balance that encloses the perfect mixer of plate j.

thtl
_j; " DM — LagMag;] dt = Mg,  — Dlwil,
n n+1 1{3)

When the integral is approximated by use of the implicit
method, as described by Waggoner et al. (20) and the
resulting expression solved for LyjMy; the following
result is obtained

Ly Myj = hgLiM + o [hag L) M? — L) M3 ]

3

1]
_ [ Mm-—ﬂ’lm] 4
BAE

The superscript 0 denotes the value of a variable at time
t, the beginning of the time period under consideration.
The absence of a superscript means the value of the
variable at time #,;;, the end of the time period. The
absence of a superscript is also used to denote the instan-
taneous value of a variable. When the meaning of the
symbol without a superscript is not clear from the context,
the precise time at which the variable is to be evaluated
is indicated.

The component flow rates to and from the perfect mixer
of plate j are related by the following component-mate-
rial balance that encloses the perfect mixer.

tati
J; (Mg Ui — D) dt = tiagsif
n

Approximation of the integral on the left-hand side by use
of the implicit method, followed by rearrangement, yields

o, )

tn

b = aly + byl + cilurs (8)

and summation of each member of this expression over all
components gives

Ly = 6; L; + by L+ ¢; Ly; (7)
where
0
A, T, a
.. S [_Mi._,,] L
1+ ryj/n I Amj

1] [1)
o= (L—p)/us a;=tui/B; ;= tui/ AL

The development of the formula for Ilp; as a function
of I;; follows. By plug flow is meant that the concentration
of each component i [in moles per unit mass (or volume) ]
leaving the holdup Mp; at time #p+ is equal to the con-
centration of the liquid entering Mp; at time #n+1 — b3
that is

. = 8)

CD]iltun Cﬁltnn ~ tpj (
where tp; is the time required for the contents of Mp; to
be swept out once. If it is supposed that concentration

varies linearly with time over each time period and thE.!t
tp; < At, then the concentration at time #n+1 — ¢pj 1S

iven b
given by Cji‘ st —_ Cji[t"
Cﬁ‘tnﬂ —tp; Cﬁltn+l i At @)

To obtain the desired formula for Ilp; from th.is expres-
sion, note that an equivalent statement of Equation (8) is

lei
Lp; Mp;

tat1 LiM; (10)

te+1 ~ tDj
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Then from Equations (9) and (10), it follows that

Ioji = dily + el (11)
and that
LDj = dj Lj + €j L]'O (12)
where
g — Loi M (1__2‘) .. _ LpiMp;to;
LM, a /7 T LOM

The outlet mass (or volumetric) flow rate Lp; Mp; is
found by use of a mass (or volumetric) balance analogous
to the one given by Equation (4).

Lp; Mp; = Apj L; M;

+ a[xw L{M]— L, Mﬁj]— (13)

0
At
The formula for the residence time fp; is developed as
follows. Since tp; is the time required to sweep out the
holdup #p; one time, it follows that

tnt1

Wpj = j:" ., Moy LyMjdt (14)
n+1 Dj

If it is supposed that the flow rate L;M; varies linearly

with time between ¢, and t,+; and fp; < At, then Equa-
tion (14) reduces to

0,0
i d LiM:— LM,
Mp; = p;j to; [Lj Mj—%(—]——]l?‘—]‘_]‘)] (15)

The residence time tp; is found from this expression by

—po; 1
8oi  —p1i
314
0 .. ...
0.....

use of the guadratic formula. If L]p M? = L; M;, Equation
(15) reduces approximately to

My
Ap; Ly M;

For the case where p; > At, the development is carried
out in a manner analogous to that shown above by sup-
posing that Cj; and L; M; vary linearly over each time
period (18).

A discussion of the assignment of the holdups follows.
No holdup is assigned for the bypass or channeling
stream, which implies that the bypass reaches the next
plate in zero time. The holdups Mp; and ¥ are selected
such that they are proportional to the corresponding flow
rates (Ap; L M; and Mgy L; M;) of the streams entering
these holdups. That is

tDj

total mass (or volume)

M = Ap; holdup assigned to the
Pl Apj + Ay | T0IXET between plates j (16)
andj + 1
Ans
My = Mp; (17)
XD]'

In the problems solved, the holdups of the mixers were
taken equal to the holdups of the downcomers. However,
if desired, part of the liquid near the entrance of plate §
may be considered as a part of the downcomer holdup
of plate § — 1, and part of the liquid near the exit of
plate j may be considered as part of the downcomer
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holdup of plate j.

In the model for the condenser—accumulator section,
the accumulator was regarded as the mixer between the
condenser and the top plate of the column. For the case
of a total condenser, the liquid distillate was withdrawn
between the mixer and the top plate and possessed the
same composition as the reflux stream Ly to the column.
For the case of a partial condenser, the vapor distillate
was withdrawn from the condenser. Then for a column
with a total condenser, the molal reflux rate is given by

Lg =xcoLo+ Lpo + Lyo— D (18)

where Ly is the flow rate of liquid from the condenser to
the accumulator. The volumetric reflux rate LrMp is given
by

LrMp = Xco Lo Mo + Lpg Mpo + Lo Mo — DMp (19)

The holdups ¥pe and My, are related as indicated by
Equation (17), and the holdup for mass transfer 9, is
fixed relative to the other holdups.

COMPONENT-MATERIAL BALANCES

More than one equivalent method for writing the com-
ponent-material balances exists (I18). In the following
statement of these balances, only the holdup for mass
transfer U; is enclosed by each balance (see Figure 1).
The set of integral-difference equations so obtained is
converted to a set of algebraic equations by use of the
implicit method in a manner analogous to that described
by Waggoner et al. (20). The algebraic equations have
the following representation:

0 0..... 0 Voi —Poi
0 0..... 0 Dig —Pli
P2 1 0..... 0 Vi _ —Poy;
.................. ..., (20)
o 0 8N-1i—pn 1 N —Pni
...0 O SNi—pN+1i) (ON+14 —PN 1.
where

pii =1+ Au(L + 7;/p)
8= [Acj + a; + dj] Ay

0 0 0 0 )
Py= G[zji + V5114 + Aesi—tdi-1i + i1+ mg-1a

0
0 0 Ti ,0
— Uy — lji] + =i + [bj—1 + ej—11 L1
m
+ ci—ilmj—14 + zji
0 0 0 0 0
Pyiyi= 0[ Aewndvi + oo + bavi — O+ — I

0
TN+1

+ l18'+1,i + [bx + ex] Ini + onlueni

Zji = 0(] = f‘— 1, f) zj—1,i = UFi, Zfi = lpi. For bub-
ble point liquid and subcooled feeds, lr; = FX;
and vp; = 0. For dew point vapor and super-
heated feeds vy; = FX; and Iy; = 0.

Equation (20) applies for a column with a partial con-
denser; however, it is readily modified to describe a col-
umn with a total condenser (18).

THE ¢ METHOD OF CONVERGENCE

The 6 method of convergence is developed for the two
general types of specifications considered. These two sets
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of specifications differ in that in the first set, one of the

specifications is a product rate B (or D), whereas, in the

second set, the reboiler duty Qg is specified instead of a

product rate.

Specifications: Lr/D (or Lg, or Ly), B {or D) $¥p eand Hin+1
The specifications of B (or D) and the two holdups

give rise to the multipliers 6—;, 6o, and Oy+,, defined as

follows:
(3), = (3)
di -t dt ca
—a(2)
—60< d'l. ca (21)

(uN+1,i) 0 (UN+15)
= Oy
di co i di

Actually, multipliers also exist for the perfectly mixed and
plug flow sections of the condenser-accumulator holdups.
However, in the interest of speed and simplicity, these
multipliers are taken equal to the respective ¢'s for the
mass transfer sections. Multipliers for the holdups on
platess 1 =j =N do not exist, because these holdups are
determined from fluid dynamic relationships rather than
being specified. For these holdups, the approximate rela-
tionship (uji/di)co = 0-1(uji/di)ca was used to relate
the corrected and calculated holdups.

The multipliers 8-, 8o, fy+1 consist of that set of posi-
tive numbers that makes g—1 = go = gn+1 = 0, simul-
taneously, where

g-1(0-1, b0, On+1) = 2 (bi)eo— B
i=1
go(0-1, 00, On+1) = 2 (#0i) — Up (22)
=1

c
gn+1(0-1, 00, On+1) = 2 (un+1,i)c0o— Una
i=1

where the holdups for plates j = 0 and j = N + 1 are
computed as follows:

b 2 (%5i) o
i=1
o/ — (23)
z (uji) co M5
i=1
Although go and gy +1 could have been stated in terms of
the sum of the holdups for mass transfer, plug flow, and
perfect mixing, simplicity is achieved by use of the hold-
ups for mass transfer alone.
To find the formula for (d;)c., the following overall
component-material balance,

tne1 N+1
S - d- b d =y [“”i’ s "T’ﬁltn] (24)
i=0

is reduced to algebraic form by use of the implicit method
and solved for (d;)co by use of Equation (21) to give

After Equation (20) has been solved for the wvy’s, the
molal holdups at time #,+; that appear in Equation (25)
are readily computed. The l's are given by the relation-
ship I = Ajiv;;, and the byy's and 4p's are calculated by
use of Equations (6) and (11), respectively. Then

U
Upggi = —L—Aﬁ Des = talus (26)
13

since the mole fraction of component i in the output from
the perfect mixer is the same as it is within the mixer.
The holdup upjy is found by converting the component—
material balance enclosing Up; to algebraic form by the
implicit method to give

0
Upji = Upy + At [ﬂ()\m ti— Ips)

+ (1_#)()‘17.7 bi— lg}i)] (27)

The desired set of #s (that set of s > 0 that makes
g-1 = g = gv+1 = 0, simultaneously) was found by
the Newton—Raphson procedure (8). The values of the
partial derivatives needed in the Newton—Raphson method
were found by use of the analytical expressions for the
derivatives.

The corrected dis given by Equation (25) were used
to calculate the mole fractions x; and y;; by use of Equa-
tions (18) and (19) of reference 20. On the basis of the
x;i's (or yu's) so obtained, the temperatures for the next
trial are found by use of the K method (8). These tem-
peratures and compositions are used in the enthalpy and
total material balances to compute the total flow rates for
the next trial for the time period under consideration.

Specifications: Lg (or Lg Mg, Lr/D, or L), Qr Mo, and ¥y +1

For this set of specifications, the ¢'s are again defined
by Equation (21) and the expressions for the g's are the
same as those given by Equation (22). It should be ack-
nowledged that the use of the § method for the specifi-
cation of Qp does not represent so direct a procedure as
does its use for the specification of B (or D), since the
function g, treats B (or D) as the specified value. For
the case where Qg is specified, B is seen to be a derived
rather than a direct specification.

ENTHALPY AND TOTAL MATERIAL BALANCES

For any plate j (j £ 0, f — 1, f, N + 1), the enthalpy
balance enclesing the holdup U; (see Figure 1) is repre-
sented as follows:

LS |
b, [Vi+1 Hyjs1 + Aj—1 Lj1 By
+ Lpj—1 hpj—1 + Lai—1 harj—1
—V;H;— L; hy] dt = U; hjlt,H_l —U; hjlt" (28)

which may be reduced by use of the implicit method to
algebraic K)rm. From the expression so obtained, the terms
Lptj-1 hyg—1 and Lp;—1 hpj—y are eliminated by use of
the following expressions, which are consistent with the
approximations represented by Equations (6) and (11),
respectively.

N+1
FXi + o [FX;— -5+ 21 W

’=

(ddeo = - - - — o (25)

N p ( 7,00 ) 0 ( T,N+1.1) 40 ( 5 ) ]
144 1(di)m + (TAt [ ) 4 /. + On+1 —_—di . 1 52} 4/,
whero Loyjes hpj—1 = dj-1Lj—thj—1 + €-1Li-1hi—s
trsi = Uz -+ Upji + Ustsi (29)
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Lyj1 hagj—1 = @5~y Lj—1h;—y + bj—ng—lh?—l

0 0
+ ¢j—1Lyj—1hmi-1

Then, Vj41 Hj+y is eliminated by use of the constant-
composition method (8), and the Ujs (1 = j = N) by
use of Equations (2) and (34) are shown by Tetlow
(18). In a similar manner, the expressions for the en-
thalpy balances for plates j = f — 1, f, and the reboiler
are developed. The enthalpy balances so obtained may be
represented by the functional notation Gg; = 0 (1 = j
= N) Guv+s = 0 for a total of N 4 1 functions.

The total material balance enclosing each holdup U;

(j # f — 1, f) is given by

tnt1
, [Vi+1 + Acj—1 Lj—1 + Lpj—1 + La,j—1
—Vi—Lilde—Uj|, +Uj, =0 (30)

After this expression has been converted to algebraic form
by use of the implicit method, Lu,;—1 and Lp;-; are
efi/minated by use of Equations (7) and (12). Also, the
holdups U; at time #,+, are eliminated by use of Equa-
tions (2) and (34). The final expression so obtained is
denoted by Gyj+1 = 0 (0 =j = N) and Gy = 0 for
a total of N + 2 functions.

The enthalpy and total material balances consist of a
set of 2N + 3 simultaneous eq)uations in 2N + 5 inde-
pendent variables (the Ljs, Vs, and Qg). Any two of
these may be either specified or obtained from other
e?uivalent specifications for a given problem. This system
of equations may be solved by use of the Newton-Raph-
son method to give the Vys, Ls, and Qgr. After these

quantities have been determined, the condenser duty Q. -

is obtained directly from the enthalpy balance enclosing
the condenser.

To demonstrate the application of the Newton-Raphson
method, suppose that the output Ly, (or B) from the
reboiler and the reflux ratio R are specified. For this case,
the Newton—Raphson equations take the form

Cy Dy 0 0 0 0 0 0.
B, C; Dy O 0 0 0 0.
A; Bz Cs3 Dj 0 0 0 0.
0 Ay By Cq Dy 0 0 0.
0. .0 Ay By Cy Dy 0 O.
0. .0 0  Ayti Byir Coyvr Digea0

0. .. 0 Asxy Ban
0. .. 0 0 Aoyt
0. . 0 0

Lo ... ..., 0 0 0

The coefficients in this matrix equation are defined as fol-
lows.

Enthalpy balances Total material balances
(even functions) (odd functions)
23 an——l 2j+1 ‘aLj—-l
9Gg; 0G4+
Bo; = ———e Boirqg =
2 T 2j+1 Fii
3Gy 8Gzj+1
— Coinyg = i=N+1
24 v, 2j+1 oL, (] )
e 9Gaj+1
Dyj=—— (j5% N+ 1) Dyj41 =
2j GL,' ( 7= + ) 2j+1 an+1
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0GoN +2 C _ 0Gon+3
2N+38 =
Qg QR

It should be noted that if a function, say Gg;, does not
contain a variable, say V;_,, then 8G,;/8V;—, is, of course,
equal to zero. Equation (31) is readily solved for the
AVjs, ALJs, and AQgr by use of Crout’s method or the
recursion formulas stated by Tetlow (18). These recur-
sion formulas are readily obtained from the original matrix
equation by Gaussian elimination.

Dy =

FLUID DYNAMIC RELATIONSHIPS

Before and after the total flow rates have been deter-
mined as described above, the mass (or volumetric) hold-
ups are computed by use of fluid dynamic relationships.
Peiser et al. (13) were the first workers to include these
relationships in an unsteady state model.

Many correlations for estimating the holdup of liquid
on the plates and downcomers of a distillation column
exist. The particular set selected should not be regarded
as being the best available, but instead as being fairly
typical of those in use. For example, the effects of liquid
toam, the constriction of the wall on the Francis for-
mula for the flow over a chord type weir, and the friction
within the downcomer are neglected. Also, the effect of
unsteady state operation on the fluid dynamic relation-
ships has been neglected. A single-pass plate with bubble
caps was selected for analysis. The following formulas ap-
pear in the literature (1) and most texts (3, 11, 14, 17)
that consider the dynamics of plates of distillation columns.

The height #; of liquid in the downcomer of plate j is
given by

tl; = ('ij + Hﬂw,j) + (Hw,j+1 + ‘HOwJ+1)
+ Hoy + Hrj—=x  (32)

Boy +1
ANy
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where
L; M; 723 3 ugj
05 [BA] 2 (1)
W lw]' ! 2 g
........... 0 vy (ALg 3 (—Gy b
0 R —G,
.0 ALy —QG3
0 AV, —G,
.o |lav; Gy
.0 AL]' = —G2j+1
Cw D 0 0 |lavy ~Gon
Con+1 Don+y O ALy —Gan+1
Baniz  Contiz  Donig| | AViag —Gon+e
Asv+s  Ban+s  Con+sjlAQr ) —Gonis)
(31)
v
3.5 P
Hrj= (ur,j+1)2 “;'1

E

The height of the weir #,,; and the height x of the top of
the slot in the cap above the floor of the plate are fixed by
the designer. In-the formula for #,,,;, the term L; M; has
the units of cu.ft./sec. The definition of the remaining
symbols and their appropriate units are given in the No-
tation. After #{; has been computed by use of Equation
(32), the sum of the holdups for the perfect mixer and
the plug flow section is given by

Mp; + Myy = H; Ag; (33)

and that of the mass transfer section by
M; = (Huwj + Hows) Raj (34)
May, 1967



where Ag; is the cross-sectional area (sq.ft) of the down-
comer, and fip; is the area of the floor of plate j bounded
by the downcomers and the walls of the column. The in-
dividual holdups Hp; and Hy; are found by use of Equa-
tions (16) and (17), respectively.

To accommodate different types of fluid dynamics,
Equations (32) through (34) may be replaced by the

desired expressions,

CALCULATIONAL PROCEDURE

The order of performing the calculations follows closely
the order of presentation of the equations. Initially, at
time t = 0, it is necessary that the values of all variables
throughout the column be known. At time ¢ = 0+, it is
supposed that the column is at steady state initially. The
procedure is initiated by finding the transient values of
the variables at the end of the first time period.

Step 1: Assume a set of temperatures, L;’s and Vs for
the end of the time period.

Step 2: Evaluate all terms appearing in the expressions
for 85, pji, and P; of Equation (20). Note that for steady

state operation at t = 0, lB,,- and lﬁ,ﬁ have the same com-
0
position as l; (for the first time period after the upset).

Furthermore, Ap; L;) = L(;_-,j and Am; L;) = Lg,,,-. Compute
the first set of assumed values for Mp;, My, and 9; at
the end of the period as described after Equation (32).
Compute the first set of assumed values for U; and Uy;
at the end of the time period as discussed after Equation
(2).

Step 3: Solve Equation (20) for the v;’s for each com-
ponent.

Step 4: Determine #_;, 6y, Oy+1 and (d;),, for each
component.

Step 5: Compute the x;’s and y;/’s by use of Equations
(18) and (19) of Waggoner et al. (20), respectively.

?tep 6: Determine the temperatures by the K, method
(8).

Step 7: Recompute the values of Mp;, My M Us
Upj, Umy and the aj’s . ., €55, based upon the most
recent values of the T;’s, Ljs, V;’s, and x;’s. Solve the en-
thalpy and total material balances for the Ljs and Vjs.
Compute the Lpjs and Lyjs by use of Equations (12)
and (7), respectively. Repeat this step until the change
between successive sets of calculated rates is less than
some preassigned number.

Step 8: After convergence has been achieved, predict
a new set of temperatures and flow rates at the end of
the next time period. The final values at the end of the
present time period are adequate or the point-slope pre-
dictor as shown by Waggoner et al. may be used (20).
Then proceed with step 2 and repeat the procedure de-
scribetf above.

CHARACTERISTICS AND USES OF THE
GENERALIZED MODEL

The proposed convergence method and calculational
procedure for the generalized model were tested by solv-
ing a large variety of examples. The results obtained for
eight selected examples that involved a three-component,
five-plate column, an eleven-component, twelve-plate col-
umn, and a nine-component, twenty-four-plate column
were recorded by Tetlow (18). The proposed convergence
method and calculational procedure gave satisfactory re-
sults for all problems considered.

To demonstrate some of the characteristics and uses of
the generalized model, example 1 (stated in Table 1)
was solved in several different ways. First, as cases I, II,
and IIJ, problems were solved to demonstrate the behavior
of a column operating at each of the limiting conditions
of channeling (A¢; = 1), plug flow (Ap; = 1), and per-
fect mixers (Ay; = 1) between all stages. The effect of
the mixing model selected on the percentage of heavies

TABLE 1. STATEMENT OF EXAMPLE 1

Initial feed Upset in feed Other conditions (at time ¢ = 0 and ¢ = 0-)
(at time ¢t = 0) (at time t = 04-)
I°r, v°p, Irs, OFi,
moles/ moles/ moles/ moles/
Conponent min. min. min. min,
CsHs 1.364 0.636 1.519 0.481 Number of stages = 25 (including a total condenser and a re-
i-C4Higo 1177 0.323 1.263 0.237 boiler). Column pressure = 300 1b./sq. in. abs. Reflux rate =
n-CsHao 1.224 0.276 1.299 0.201 10 moles/min. Initially the column is at steady state operation,
n-C5Hip 2.703 0.297 3.159 0.241 and the partially vaporized feed shown enters at 201°F. at the
n-CeHua 1.899 0.101 2.506 0.094 column pressure. For time t = 0+, the feed shown enters at
258°F. at the column pressure. The equilibrium and the en-
thalpy data for the hydrocarbons were taken from Tables A-4
and A-8 of reference 8. Other physical properties of the hydro-
carbons were obtained from Engineering Data Book, 7 ed., Nat-
ural Gasoline Association, Tulsa, Oklahoma, 1957.
Column dimensions: Diameter of column = 5 sq. ft.,, plate floor area = 152 sq. ft., cross-sectional area of downcomers =

2.2 sq. ft.,, length of overflow weir = 3.75 ft., height of overflow weir = 0.25 ft., height of inlet weir = 0.23 ft., spacing be-
tween plates = 2 ft. The plates were taken to be of the sieve type that had a dry plate pressure drop equivalent to 0.06 ft. of
liquid at a vapor flow rate of 15 moles/min. The holdup of the condenser was 2 cu. ft,, the reflux drum was 100 cu. ft., the
reboiler was 200 cu. ft., and the transfer line at the base of the column was 10 cu. ft. The mass s of steam in the reboiler
tubes was 1.5 Ib. The heat transfer rate constant (UA) for the reboiler was 4,500 B.t.u./(min.)( °F.). The steam line pressure
was 265 Ib./sq. in. abs.

Problems: For case I (Acj = 1), case Il (Apj = 1), case III (Am; = 1), and for cases I through IV Qr = 1.011 X 108
B.tu./min. For case V, the temperature of plate 22 was controlled with a set point of 349.5°F. For cases IV and V, the s were
weighted as stated in the text. For case V, the volumes in the accumulator and reboiler- were controlled at 100 cu. ft. and 200
cu. ft. by proportional reset controllers; full-scale volumes were taken as 150 and 250 cu. ft., respectively. The settings on
these controllers was s = 1.0 and r = 0.2. The settings of the temperature controller were s = 0.3 and r = 0.2, and the range
of the controller was 100°F. All control valves were semilogarithmic with K = 0.2.
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Fig. 2. Effect of each mixing model (Acj = 1, Apj = 1, vy =
1) on the distiliate composition, example 1, cases I, 1l, and 111

(n-CsHy2 and n-CgHyy) in the distillate is displayed in
Figure 2. The results obtained for the limiting conditions
of perfect mixers and plug flow models differ most during
the first few minutes after the upset.®
The dead time obtained for the limiting case of plug
flow corresponds approximately to the time required to
sweep out the contents of the accumuiator one time. In
the problems solved, the holdups of the mixers between
stages were taken equal to the actual volume occupied by
liquid in the downcomers. Thus, in these particular exam-
ples, the accumulator played a significant role because its
holdup of 100 cu.ft. was considerably larger than the sum
of the holdups of the interstage mixers (approximately
46 cu.ft.).
The limiting case of channeling (Ac; = 1) might ap-

ear at first to be unrealistic, but further consideration
shows that it might indeed be approached in actual oper-
ation. For example, suitably close locations of the inlets
and outlets of the accumulator could easily produce re-
sults approaching the case of perfect channeling in the
accumulator. In any event, it is evident that the general-
ized model may be used to test the effect of various design
and operating variables on the dynamic behavior of a
column as well as the reliability of simplified models for
- particular installations.

USE OF THE GENERALIZED MODEL IN THE
ANALYSIS OF CONTROL SYSTEMS

The generalized model described may be nsed to dem-
onstrate the behavior that can be expected of a column
when its operation is governed by any one of the control
systems that have been proposed for distillation columns.
Over the last couple of decades, a variety of control sys-
tems for a variety of separations has been employed in the
operation of a continuous distillation column (2, 7, 9, 10,
16, 19, 21, 22). The various control systems may be ana-
l{lzed in a manner analogous to the cne that follows for
the system presented in Figure 3.

In this control system, the volumetric flow rate of the
reflux is fixed independently of the values of all other
variables and maintained at this value by the flow con-
troller The distillage_rate is regulated by use of the
liquid level controller on the accumulator. The steam
rate is controlled by use of the temperature controller
@. The bottoms rate B is controlled by use of a liquid

¢ Tabular material has been deposited as document 9249 with the
American Documentation Institute, Photoduplication Service, Library
of Congress, Washington 25, D. C., and may be obtained for $2.50 for
photoprints or $1.75 for 35-mm. microfilm.
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level controller @ on the reboiler. The pressure at the
top of the column is assumed to be controlled at a fixed
value in the scheme shown in Figure 3, by the rate of
removal of noncondensables from the column.

For illustrative purposes, it is supposed that the con-
trollers shown in Figure 3 are of the proportional reset
type (4, 5, 7), which may be represented by

r (Ctn+1
+-:9—j:n € dt (35)

€

— ——

_ _ €
pltn+1 Pltn_’ S ltnes s

tn

where p = output of the controller for any given input x
of the control variable, expressed as a fraction of the con-
troller range; r = reset rate, a controller setting; s = pro-
portional band width, a controller setting; e = = (¢ — x);
¢ = control point of the control variable, expressed as a
fraction of the range of the input to the controller; x =
value of the control variable at any time, also expressed as
a fraction of the input range to the controller. Equation
(35) may be reduced to the following algebraic form by
use of the implicit method.

e—e A
pp=——t-—lue+(1—p)] (36)
The change in output p — p° of the controller may be
stated in terms of the volumetric flow rate as follows. The
volumetric flow rate through the control valve is given by

P, — P, _
q=CA \/__._lp 2 = CAV/ah (37)

For a semilogarithmic valve (5), the change in the output
p — p° from the controller or the stem position of the
control valve is given by

p—p®=Klog. (A/AY) (38)

Thus, in view of the relationship given by Equation (37),
Equation (38) may be stated as follows:

p—p? = K log, (%) ( \/ZA%) (39)

T VENT
CONTROLLER NUMBER |

—
FEED
)
PLATE & D ———
<CONTROLLER
NUMBER 2

———— s

REBOILER

CONDENSATE

.__.___Z_@___ STEAM TRAP
B

CONTROLLER >

NUMBER 3 BOTTOMS

Fig. 3. Typical control system for a conventional distillation column.
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The development of the controller equations for the
control system shown in Figure 3 follows, after which the
procedure for solving the equations so obtained simultane-
ously with the other equations is given. First consider the
liquid level controller on the accumulator and the con-
trol valve on the distillate rate D. Elimination of p — p°
from Equations (36) and (39) yields an expression in-
volving the error

€ — & + rat [pe + (1 —p)e’] — Ks log, (%) = ( (40)

where ¢ may be replaced by its equivalent DMy, for the
accumulator and by BMy.; for the reboiler. Also, the
change in the pressure drop across the control valve has
been neglected in Equation (40). The error ¢ is given by

h—h, M—9,
€ = =
hsun Meun

As shown by Tetlow (18), the equations for the tem-
perature controller, the steam-control valve, and an en-
thalpy balance enclosing the steam side of the reboiler
may be used to obtain the reboiler duty Qg given by
the temperature controller. The values of Qg and the
holdups , and #y,,; obtained from Equation (40)
served as the specified values of these variables for the
trial calculation under consideration. The points in the
calculational procedure at which the controller equations
were solved follows. Immediately preceding step 7 of the
Calculational Procedure, Qg was determined. The Qg so
obtained was used in the enthalpy balances of step 7 and
the solution of the latter yielded the corresponding value
of B. In the next trial, this value of B was used in the
function g_,. Equation (40) was solved within step 7
each time the /s (0 =j = N + 1) were computed. The
My’s so obtained were used to compute the Ujs for the
next trial by use of Equation (23).

To demonstrate the use of the generalized model for the
study of control systems such as the one shown in Figure
3, example 1 was solved in two other ways as cases IV
and V. In case V the temperature of plate 22 was speci-
fied and the temperature controller on this plate deter-
mined the reboiler duty Qg. In cases I through IV, the
reboiler duty was fixed at 1.011 X 10° B.t.u./min. and
the temperature controller on plate 22 was, of course,
omitted. In cases IV and V, the following mixing model
was employed.

Downcomers:

Ac =005, Ay =045, Ap=05
Accumulator:

Ae =0, =05, Ap=105

Transfer line
at base of
tower:
}\c = 0, )\D = 1-0

Selected results are displayed in Figure 4 (more com-
plete statements of these results are available elsewhere®).
Improved purity was achieved through the use of the
temperature controller, and the effect of the mixing model
selected on the dynamic behavior of each control scheme
is evident.

Thus, in conclusion, the generalized model and asso-
ciated numerical methods for obtaining the dynamic be-
havior of a distillation column may be used to study mix-
ing models, column designs, and control systems.

)‘M=0:

* See footnote on page 482,
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Fig. 4. Use of generalized model for simulation of control systems
example 1, cases I, IV, and V.
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NOTATION

aj, bj, ¢; = coefficients used in the expression for lyy; de-
fined below Equation (7)

A = area of opening of a valve, sq.in.; also used to

denote the heat transfer area of the heat ex-

changer for the reboiler

= L/ (E;K;iVy)

4j = cross-sectional area of the downcomer, sq.ft.

Ap; = area of floor of plate j bounded by the down-
comers, sq.ft.

b; = molal flow rate of component i in the bottoms
product

B = total molal flow rate of the bottoms product

c = control point of the control variable, dimension-
less

C = constant for a given valve; defined by Equation
(37)

Cji, Cp; = concentration of component ¢ in the liquid
leaving the mass transfer section of plate §, and
the concentration of component i in the liquid
leaving the plug flow holdup of plate j; moles per
unit volume

dj, e; = coeflicients in the expression for lp;; defined be-
low Equation (12)

E; = vaporization efficiency for component i and mass
transfer holdup

F = total molal flow rate of the feed

g = acceleration of gravity, ft./sec.?

g2-1, g0 En+1 = functions of 6_;, 6, and 6y.;; defined
by Equation (22)
Gzj, Gy;j+1 = enthalpy and total material balance functions,

respectively

h = height of liquid in either the accumulator or the
reboiler

Ah = change in head across a valve; defined by Equa-
tion (37)

hpj, hu; = enthalpies of the liguid streams leaving the
plug flow holdup Up; and the perfect mixer with
holdup Uy, respectively; defined by Equation
(29)

c
hj = 2 htj,; Xji
i=1
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Hi = 2 Hji x5
i=1

tHy = totfal height of liquid in the downcomer of plate
i, ft.

tley = {lead loss resulting from the flow of liquid under
the downcomer of plate , ft. of liqui

How,; = height of liquid over the weir, ft.

5 = head loss resulting from the flow of liquid

through the risers and caps, ft. of liquid

Hw; = heignt of weir, ft.

K = constant for a given valve; see Equation (38)

K; = equilibrium constant; evaluated at the tempera-

ture and pressure of the mass transfer holdup of

plate j

molal flow rate of component i in the liquid leav-

ing the mass transfer holdup of plate j

lyj = length of the weir of plate j, ft.

Ipji, byji = molal flow rate of component i in the liquid
leaving the plug flow holdup and the perfect
mixer of Plate f» respectively; Lp; and Ly; repre-
sent the total molal flow rates of these respective

L

I

streams
L; = total molal flow rate of the liquid leaving the
mass transfer holdup of plate j. Lp = reflux

rate; defined by Equation (18)

A;Ls = total molal flow rate at which liquid passes from
the mass holdup on plate j to the mass transfer
holdup on plate j 4 1

Lp; = total molal flow rate of liquid leaving the plug
flow holdup of plate j

Lp; = total molal flow rate of the liquid leaving the

perfect mixer holdup of plate j

= mean molal volume of the reflux

i = molecular weight (or molal volume) at the con-

ditions of liquid leaving the mass transfer sec-
tion of plate j

M; = average molecular weight (or average molal vol-
ume) of the liquid leaving the mass transfer sec-
tion of plate §

Mpj, My; = average molecular weights (or average molal
volume) of the liquid streams leaving the plug
flow holdup and the perfect mixer of plate j,
respectively

M, Mpj, Mu; = holdups in mass (or volumetric) units of
the mass transfer part, the plug flow part, and
the perfect mixer part of plate §, respectively

p% p = valve positions at the beginning and end of a
time period, respectively

Py, Py = pressures on the upstream and downstream sides
of a control valve

P; = constant that appears in the component~material
balances for each plate § and each component i;
definition follows Equation (20)

g = volumetric flow rate

Qc, Or = condenser and reboiler duties, respectively

7 = reset rate for the reset mode; see Equation (35)

s = proportional band width; see Equation (35)

¢, At = time; #, denotes the time of the beginning of
the time period and t,.; the time of the time
period under consideration; At = t,,; — ¢,

tp; = time required for a slug of liquid to pass through
the plug-flow holdup

tw; = residence time for the perfectly mixed holdup

T; = temperature of the mass transfer holdup of plate j

ug; = velocity of the liquid under the downcomer, ft./
sec.

Uy = maximum velocity of the vapor through the riser
and cap of plate j, ft./sec.

uri = sum of uy, tpy, and tyyy
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Uj, Up;, Unj = total molal holdups for the mass transfer
part, the plug flow part, and the perfect mixer
part of plate j; the lower case letters uyu, upji,
and uyy; represent the corresponding holdups for
component i

U = overall heat transfer coeficient for the steam
heated heat exchanger for the reboiler

w = mass flow rate

x = value of the control variable; dimensionless; also
used to denote the distance from the floor of the
plate to the top of the slot

x; = mole fraction of component i in the liquid leav-
ing the mass transfer holdup of plate j

X; = total mole fraction of component i in the feed

y;i = mole fraction of component i in the vapor leav-

ing the mass transfer holdup of plate f
= flow controller; see Figure 3
= lignid level controller; see Figure 3
= pressure controller; see Figure 3

= temperature controller; see Figure 3

Greek Letters

83 = term that appears in the component-material
balances for each plate j and each component i

€ = error in the control variable ¢ = * (¢ — x), di-
mensionless

Aci, Apj, Ay = fractions of the liquid stream L; that by-
pass, pass through the plug flow holdup, and the
perfect mixer, respectively, corresponding hold-
ups for component i

Tmj, 7% = dimensionless times for the perfect mixer part
of plate j; definitions follow Equation (7)

81, By, On+1 = multipliers defined by Equation (21)

pii = term that appears in the component-material bal-
ances for each plate j and each component {

PiL’ p;’ = density of the vapor and liquid streams (Ib.../

cu.ft.) leaving the mass transfer section of plate j
o = (l-u)/n

Subscripts

¢ = control point

ca = calculated value

co = corrected value

full = total volume or height
i = component number

i = plate number

m = mean value

s = saturated steam

Superscripts

V, L = vapor and liquid, respectively

0 = value of a variable at the beginning of a time
period
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Model-Reference Adaptive Control System

ROBERT M. CASCIANO
Newark College of Engineering, Newark, New Jersey
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An adoptive process control scheme—which uses a differential equation madel, requires no
differentiations in the adaptive circuitry, and no identification of the varying process parameter
~—was analyzed mathematically and studied on an analog computer. The adaptive loop is
operative only during a transient and corrects only in the direction of mismatch between the
process and model. Linear analysis of the system differential equations when the correction
signal is not introduced into the controller provides a means of designing the adaptive circuitry
and approximating the effect when the signal is introduced. The effects on system stability
with a pure delay, measurement lag, or an additional pole in the process are presented. Com-
puter results show that when large differences exist between the actual process time constant
and the original controller setting, the adaptive feature reduces the overshoot to essentially zero.

Chemical engineers have been slow in applying quanti-
tative principles of feedback control theory to the design
of process control systems. The major factor limiting the
application of this theory to processing systems is the lack
of information about process dynamics. This situation has
resulted in a serious. curtailment of the full use of avail-
able process control capability. The majority of the in-
stallations utilize the field-adjustable, three-mode con-
trollers in the control scheme that duplicates the control
functions when the process is operated manually. Thus,
prior experience is the primary design basis in the process
industry rather than a quantitative application of control
theory.

In recent years, there has been increasing interest and
research in process dynamics as well as a major increase
in the number of engineers with good background in con-
trol theory. This situation offers the possibility of applying
more sopgisticated control schemes to effect superior con-
trol performance in critical applications.

One such possibility is the use of adaptive control
schemes. For the work presented here an adaptive process
control system is defined as a system which can alter
its response to changes in the process to be controlled
and that this be accomplished by measurements of input
and/or response and the corresponding automatic adjust-
ment of one or more controller parameters. One of the
most difficult problems when designing an adaptive con-

& Robert M. Casciano is with Avon Products, Inc., Suffern, New York.
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trol system is the determination of process parameters,
that is, process identification. Determination of the gain
and time constant of a first-order system is substantially
complex and the difficulty increases with process order.
A number of adaptive systems dependent primarily upon
system identification have appeared in the recent litera-
ture (I to 5).

One very important approach to the problem of s}}‘/stem
identification is the general model-reference [MR] scheme.
Oppeldahl (6) devised and analyzed a MR system ap-
plicable to any order system, but this method requires
first- and higher order derivatives. Marcus and Hougen
(7) have applied the MR technique to the adaptive con-
trol of a heat exchanger with slowly varying time con-
stant. The circuitry used requires taking the derivative of
the model and process outputs. Nevertheless, the results
obtained by analog simulation appear promising. There is
no question that the identification problem can be solved
when no restriction is placed on the number of derivatives
taken, When the adaptive and compensation networks
are analog computers, this approach is questionable from
a practical standpoint. The MR technique nonetheless
appears to offer many possibilities for a number of process
control problems.

The method presented here uses a differential equation
model, requires no differentiation and no identification of
the varying parameter. The adaptive loop is operative
only during a transient and corrects only in the direction
of mismatch between the system and model. Adaptation
is for a single varying parameter, although other param-
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